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Abstract 

In case of  considerable nonlinearity  e.g.  in geodesy, photogrammetry, robotics, it is difficult to find proper initial values to
solve the parameter estimation problem of 3D affine transformation with 9 parameters  via linearization and/or iteration. In
this paper  we develop a  symbolic - numeric  method to achieve  the solution without initial  guess.  Our  method employs
explicit analytical expressions developed by the computer algebra technique  Dixon resultant as well as by reduced Grobner
basis for solving 3 points problem. Criteria for the proper selection of the 3 points from the N ones, is also given. Numerical
illustration is presented with real world geodetic coordinates representing Hungarian Datum.
For systems of algebraic equations, NSolve computes a numerical Grö bner basis using an efficient monomial ordering, then

uses eigensystem methods to extract numerical roots. 

Keywords:   9-parameter 3D affine transformation, solution of polynomial system, symbolic solution, Dixon resultant, early
discovery factors, reduced Groebner basis,  homotopy, numerical Grö bner basis , global minimization, genetic algorithm.



  1. Introduction 

Three-dimensional  coordinate transformations play a central  role in contemporary Euclidean point positioning. In precise
positioning with global positioning system (GPS),  coordinates given in the World Geodetic System 1984 (WGS84) often
have to be transformed into local geodetic coordinate system.  The transformation between the traditional terrestrial coordi-
nate system and the satellite observations derived network is a difficult task due to the heterogeneity of the data. 

Due to the distorsions  between the traditional terrestrial and the GPS derived networks, the 7-parameter similarity transforma-
tions in some cases  may not offer  satisfactory  precision.  For example transforming GPS local coordinates to the local
Hungarian system with global similarity transformation gives 0.5 meter maximal residuals, see Papp and Szucs (2005). To
reduce the remaining  residuals after the transformation, other transformation models with more parameters can be used. The
9-parameter  affine  transformation is not only a logical extention but even a generalization of  the 7-parameter  similarity
transformation model.  This transformation is the modification of the Helmert C7(3) transformation, where 3 different scales
are used in the corresponding coordinate axes instead of one scale factor, while in case of the 3 scale parameters are equal,
we get back the similarity transformation model. The estimation of the model parameters  was achieved by  Spath (2004)
using numerical  minimization technique of the residium vector, by Papp and Szucs (2005) using linearized  least squares
method. Watson (2006) pointed out that the Gauss-Newton method or its variants can be easily implemented for the nine
parameter  problem using separation  of variables  and iteration with respect  to the rotation parameters  alone, while other
parameters can be calculated via simple linear least square solution. The method he suggested is analogous to other methods
for separated least squares problems, which goes back at least to Golub and Pereyra (1973). The 9-parameter affine transfor-
mation is also included in some coordinate-transformation software developed by the request of GPS users (see e.g. Mathes
2002 and Frohlich and Broker 2003). Here we should mention transformation models with more then 9 parameters. Wolfrum
(1992) even added one more parameter to the previous nine, one (horizontal) direction  of maximal scale distortion.  Grafar-
end and Kampmann (1996) applied ten parameter conformal group for geodetic datum transformation employing maximum
likelihood estimations for numerical estimation of the parameter values. There are other models with even more parameters,
like polynomial transformations (Volgyesi et al 1996, Cai and Grafarend 2004) and models using artificial neural networks
(Barsi  2001, Zaletnyik 2004).

In this paper  we solve the 3D affine  transformation problem in symbolic form via Dixon resultant  employing enhanced
Dixon KSY and the Dixon EDF algorithms. We also investigate  global numerical techniques,  like global minimization with
genetic algorithm, global polynomial solver method employing numerical Grö bner basis using an efficient monomial order-
ing and eigensystem methods to extract numerical roots  as well as  linear homotopy continuation method. In case of  3 point
problem, symbolic solution represented by explicit expressions for the parameters, proved to be very fast and robust, while in
addition, it is infinite precision, comparing with the global numerical methods.

Our suggested method employs explicit, analytical expressions developed by computer algebra technique  via Dixon resul-
tant for solving 3 point problem. Then the result of the 3 point problem can be used as a good initial guess for a Newton
-Raphson- Krylov numerical  method to solve the N point problem in a form of determined system of 9 polynomials devel-
oped by symbolic computation. 

 Numerical illustration is presented with real world geodetic coordinates representing Hungarian Datum. The  computations
were  carried  out with hp workstation xw 4100 with XP operation system, 3 GHz P4 Intel  processor  and  1 GB RAM.

  2. Definition of the 3 points problem 

The  C9(3,3)  3D affine  transformation is  one possible  generalization  of the  C7(3,3)  Helmert  transformation,  using three

different scale (s1, s2, s3) parameters instead of a single one. In this case the scale factors can be modeled by a diagonal

matrix (W).
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where W=
s1 0 0

0 s2 0

0 0 s3

- scale matrix, X0, Y0, Z0 - 3 translation parameters and R the rotation matrix

The rotation matrix in general is given by using 3 axial rotation  (Α,Β,Γ  - Cardan angles). 

R = R1HΑL R2HΒL R3HΓL with R1HΑL =

1 0 0

0 cos Α sin Α

0 -sin Α cos Α

,

R2HΒL =

cos Β 0 -sin Β

0 1 0

sin Β 0 cos Β

, R3HΓL =

cos Γ sin Γ 0

-sin Γ cos Γ 0

0 0 1

leading to

R HΑ, Β, ΓL =

cos Β cos Γ cos Β sin Γ -sinΒ

sin Α sin Β cos Γ - cos Α sin Γ sin Α sin Β sin Γ + cos Α cos Γ sin Αcos Β

cos Α sin Β cos Γ + sin Α sin Γ cos Α sin Β sin Γ - sin Α cos Γ cos Α cos Β

In the traditional 7 or 9 parameter transformation solution (Papp E., Szucs L. (2005)) the single three by - three rotation
matrix  is  simplified  from  three  separate  rotation  matrices  by  assuming  that  each  axial  rotation  is  differentially  small
(typically less than five arc seconds for most geodetic networks), thus permitting binomial series expansions of the sine and
cosine terms for radian measure. 

The rotation matrix can be expressed with the skew-symmetric matrix (S) also (see Awange and Grafarend (2003)), and this
facilitates the symbolical-numerical solution of the problem without using  simplifications.

S =

0 -c b

c 0 -a

-b a 0

;

The rotation matrix is

R=HI3 - SL-1
 HI3 + SL,

where I3 is a 3× 3 identity matrix. 

I3 = IdentityMatrix@3D;
R = Inverse@HI3 - SLD .HI3 + SL �� Simplify; MatrixForm@RD

1+a2-b2-c2

1+a2+b2+c2
2 a b-2 c

1+a2+b2+c2
2 Hb+a cL
1+a2+b2+c2

2 Ha b+cL
1+a2+b2+c2

1-a2+b2-c2

1+a2+b2+c2
-

2 Ha-b cL
1+a2+b2+c2

2 H-b+a cL
1+a2+b2+c2

2 Ha+b cL
1+a2+b2+c2

1-a2-b2+c2

1+a2+b2+c2

for which the next restriction is true:
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R.Transpose@RD �� Simplify �� MatrixForm

1 0 0

0 1 0

0 0 1

The axial rotation angles (Cardan angles) can be obtained from the rotation matrix (R) through:

tan Α =
r23

r33

Þ LG = arctan
r23

r33

tan Β =
-r31

r11
2 + r12

2

Þ ΦG = arctan
-r31

r11
2 + r12

2

, vagy Β = -arcsin r13

tan Γ =
r12

r11

Þ XG = arctan
r12

r11

Cardan angles in degree 

ΑR@R_D := ArcTan@R@@3, 3DD, R@@2, 3DDD *
180

Π
;

ΒR@R_D := -ArcSin@R@@1, 3DDD *
180

Π
; ΓR@R_D := ArcTan@R@@1, 1DD, R@@1, 2DDD *

180

Π
;

Cardan@R_D := 8ΑR@RD, ΒR@RD, ΓR@RD<
Cardan angles in seconds

ΑRs@R_D := ΑR@RD *3600; ΒRs@R_D := ΒR@RD *3600; ΓRs@R_D := ΓR@RD *3600;

CardanS@R_D := 8ΑRs@RD, ΒRs@RD, ΓRs@RD<
Instead of the scale matrix (W) we can use the inverse of the scales getting simplier equations in this way.

Let us call Σi = �
1
si

and W = W -1

W =

Σ1 0 0

0 Σ2 0

0 0 Σ3

;

For the determination of the 9 parameters of the transformation (a, b, c, X0, Y0, Z0, s1, s2, s3) we need 3 non-collinear points

with known coordinates in both coordinate systems. In further,   instead of the scale  parameters  (s1, s2, s3),  we will use

(Σ1, Σ2, Σ3) to get more simple equations.

Expressing the rotation matrix with the skew-symmetric matrix and using the inverse of the scale matrix (W)  the nonlinear
system to be solved for ( fi = 0 ) determining the 9 parameters leads to:

For i = 1 point

f1
f2
f3

= HI3 - SL.W.

xi
yi
zi

- HI3 + SL. Xi
Yi
Zi

- HI3 - SL.W.

X0
Y0
Z0

�. i ® 1 �� Expand;

MatrixFormB f1
f2
f3

F;
For  i = 2 point
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f4
f5
f6

= HI3 - SL.W.

xi
yi
zi

- HI3 + SL. Xi
Yi
Zi

- HI3 - SL.W.

X0
Y0
Z0

�. i ® 2 �� Expand;

MatrixFormB f4
f5
f6

F;
For  i = 3 point

f7
f8
f9

= HI3 - SL.W.

xi
yi
zi

- HI3 + SL. Xi
Yi
Zi

- HI3 - SL.W.

X0
Y0
Z0

�. i ® 3 �� Expand;

MatrixFormB f7
f8
f9

F;
or

sys = Table@fi, 8i, 1, 9<D;
eq = Table@8"f"i, sys@@iDD<, 8i, 1, 9<D; TableForm@eqD
f1 -X1 + c Y1 - b Z1 + x1 Σ1 - X0 Σ1 + c y1 Σ2 - c Y0 Σ2 - b z1 Σ3 + b Z0 Σ3

f2 -c X1 - Y1 + a Z1 - c x1 Σ1 + c X0 Σ1 + y1 Σ2 - Y0 Σ2 + a z1 Σ3 - a Z0 Σ3

f3 b X1 - a Y1 - Z1 + b x1 Σ1 - b X0 Σ1 - a y1 Σ2 + a Y0 Σ2 + z1 Σ3 - Z0 Σ3

f4 -X2 + c Y2 - b Z2 + x2 Σ1 - X0 Σ1 + c y2 Σ2 - c Y0 Σ2 - b z2 Σ3 + b Z0 Σ3

f5 -c X2 - Y2 + a Z2 - c x2 Σ1 + c X0 Σ1 + y2 Σ2 - Y0 Σ2 + a z2 Σ3 - a Z0 Σ3

f6 b X2 - a Y2 - Z2 + b x2 Σ1 - b X0 Σ1 - a y2 Σ2 + a Y0 Σ2 + z2 Σ3 - Z0 Σ3

f7 -X3 + c Y3 - b Z3 + x3 Σ1 - X0 Σ1 + c y3 Σ2 - c Y0 Σ2 - b z3 Σ3 + b Z0 Σ3

f8 -c X3 - Y3 + a Z3 - c x3 Σ1 + c X0 Σ1 + y3 Σ2 - Y0 Σ2 + a z3 Σ3 - a Z0 Σ3

f9 b X3 - a Y3 - Z3 + b x3 Σ1 - b X0 Σ1 - a y3 Σ2 + a Y0 Σ2 + z3 Σ3 - Z0 Σ3

Similarly to C7 H3, 3L problem  (see Awange and Grafarend (2005)  we can reduce the equation system by subtracting the

equations. In this way the translation parameters  can be eliminated. The elimination of the translation parameters  can be
done according to the next substractions

r1 = f1 - f7;

r2 = f4 - f7;

r3 = f2 - f8;

r4 = f5 - f8;

r5 = f3 - f9;

r6 = f6 - f9;

In the remaining 6 equations there is  only 6 unknown parameters (a, b, c,  Σ1,  Σ2,  Σ3).

sysR = 8r1, r2, r3, r4, r5, r6<
8-X1 + X3 + c Y1 - c Y3 - b Z1 + b Z3 + x1 Σ1 - x3 Σ1 + c y1 Σ2 - c y3 Σ2 - b z1 Σ3 + b z3 Σ3,

-X2 + X3 + c Y2 - c Y3 - b Z2 + b Z3 + x2 Σ1 - x3 Σ1 + c y2 Σ2 - c y3 Σ2 - b z2 Σ3 + b z3 Σ3,

-c X1 + c X3 - Y1 + Y3 + a Z1 - a Z3 - c x1 Σ1 + c x3 Σ1 + y1 Σ2 - y3 Σ2 + a z1 Σ3 - a z3 Σ3,

-c X2 + c X3 - Y2 + Y3 + a Z2 - a Z3 - c x2 Σ1 + c x3 Σ1 + y2 Σ2 - y3 Σ2 + a z2 Σ3 - a z3 Σ3,

b X1 - b X3 - a Y1 + a Y3 - Z1 + Z3 + b x1 Σ1 - b x3 Σ1 - a y1 Σ2 + a y3 Σ2 + z1 Σ3 - z3 Σ3,

b X2 - b X3 - a Y2 + a Y3 - Z2 + Z3 + b x2 Σ1 - b x3 Σ1 - a y2 Σ2 + a y3 Σ2 + z2 Σ3 - z3 Σ3<
Employing Groebner basis and Dixon resultant, the above described reduced equation system can be easily reduced further ,
if we introduce some new variables, let us call them relative coordinates instead of original  ones, see Awange-Grafarend
(2003). Let
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SYSR = sysR �� FullSimplify; SYSR �� TableForm

-X1 + X3 + Hx1 - x3L Σ1 + c HY1 - Y3 + Hy1 - y3L Σ2L + b H-Z1 + Z3 + H-z1 + z3L Σ3L
-X2 + X3 + Hx2 - x3L Σ1 + c HY2 - Y3 + Hy2 - y3L Σ2L + b H-Z2 + Z3 + H-z2 + z3L Σ3L
-Y1 + Y3 + c H-X1 + X3 + H-x1 + x3L Σ1L + Hy1 - y3L Σ2 + a HZ1 - Z3 + Hz1 - z3L Σ3L
-Y2 + Y3 + c H-X2 + X3 + H-x2 + x3L Σ1L + Hy2 - y3L Σ2 + a HZ2 - Z3 + Hz2 - z3L Σ3L
-Z1 + Z3 + b HX1 - X3 + Hx1 - x3L Σ1L + a H-Y1 + Y3 + H-y1 + y3L Σ2L + Hz1 - z3L Σ3

-Z2 + Z3 + b HX2 - X3 + Hx2 - x3L Σ1L + a H-Y2 + Y3 + H-y2 + y3L Σ2L + Hz2 - z3L Σ3

It is clear that the introduction of following variables can simplify the description of the system

newVarsA = 8x12 ® x1 - x2, x13 ® x1 - x3, x23 ® x2 - x3, y12 ® y1 - y2, y13 ® y1 - y3, y23 ® y2 - y3,

z12 ® z1 - z2, z13 ® z1 - z3, z23 ® z2 - z3,

X12 ® X1 - X2, X13 ® X1 - X3, X23 ® X2 - X3,

Y12 ® Y1 - Y2, Y13 ® Y1 - Y3, Y23 ® Y2 - Y3,

Z12 ® Z1 - Z2, Z13 ® Z1 - Z3, Z23 ® Z2 - Z3<;
then our equation system is

g1 = -X13 + c Y13 - b Z13 + x13 Σ1 + c y13 Σ2 - b z13 Σ3;

g2 = -X23 + c Y23 - b Z23 + x23 Σ1 + c y23 Σ2 - b z23 Σ3;

g3 = -c X13 - Y13 + a Z13 - c x13 Σ1 + y13 Σ2 + a z13 Σ3;

g4 = -c X23 - Y23 + a Z23 - c x23 Σ1 + y23 Σ2 + a z23 Σ3;

g5 = b X13 - a Y13 - Z13 + b x13 Σ1 - a y13 Σ2 + z13 Σ3;

g6 = b X23 - a Y23 - Z23 + b x23 Σ1 - a y23 Σ2 + z23 Σ3;

Let us check these equations

H8g1, g2, g3, g4, g5, g6< �. newVarsAL - SYSR �� FullSimplify

80, 0, 0, 0, 0, 0<

  3. Numerical Solutions

Here we shall consider three global methods working without guess of initial values: 

a) a general solver for polynomial systems based on numerical Groebner basis and eigensystem methods, built in the Mathe-
matica system as a function  NSolve(#)

b) Global minimization based on genetic algorithm, built -in in Mathematica as NMinimize(#)

c) A linear homotopy methods written in Mathematica as a function  LinearHomotopyFR(#), see Palancz (2008) and

using the built in function FindRoot(#) employing Newton-Raphson method.

Let us consider the numerical values of  3 Hungarian points in the system of ETRS89 (x1, y1, z1, ... , z3 ) and in the local

Hungarian system HD72 (Hungarian Datum 1972) (X!, Y1, Z1, ..., Z3).

numericalValues = 8x1 ® 4 171 409.677, x2 ® 4 146 957.889,

x3 ® 3 955 632.880, y1 ® 1 470 823.777, y2 ® 1 277 033.850, y3 ® 1 611 863.197,

z1 ® 4 580 140.907, z2 ® 4 659 439.264, z3 ® 4 720 991.316,

X1 ® 4 171 352.311, X2 ® 4 146 901.301, X3 ® 3 955 575.649,

Y1 ® 1 470 893.887, Y2 ® 1 277 104.509, Y3 ® 1 611 933.124,

Z1 ® 4 580 150.178, Z2 ® 4 659 448.287, Z3 ® 4 721 000.952<;
The system in numerical form
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Neqs = 8g1, g2, g3, g4, g5, g6< �. newVarsA �. numericalValues

8-215 777. + 140 851. b - 141 039. c + 215 777. Σ1 - 141 039. c Σ2 + 140 850. b Σ3,

-191 326. + 61 552.7 b - 334 829. c + 191 325. Σ1 - 334 829. c Σ2 + 61 552.1 b Σ3,

141 039. - 140 851. a - 215 777. c - 215 777. c Σ1 - 141 039. Σ2 - 140 850. a Σ3,

334 829. - 61 552.7 a - 191 326. c - 191 325. c Σ1 - 334 829. Σ2 - 61 552.1 a Σ3,

140 851. + 141 039. a + 215 777. b + 215 777. b Σ1 + 141 039. a Σ2 - 140 850. Σ3,

61 552.7 + 334 829. a + 191 326. b + 191 325. b Σ1 + 334 829. a Σ2 - 61 552.1 Σ3<
3.1 Global polynomial solver based on numerical Groebner basis and eigensystem 
methods

The solution providing all roots,

sol = NSolve@Neqs, 8a, b, c, Σ1, Σ2, Σ3<D
99a ® 15.2489, b ® 2.85737, c ® 3.08269 ´ 106, Σ1 ® -1.00001, Σ2 ® -0.999998, Σ3 ® 0.999989=,9a ® -1.07886 ´ 106, b ® -0.349972, c ® 5.33669, Σ1 ® 1.00001, Σ2 ® -0.999998, Σ3 ® -0.999989=,8a ® -0.0655786, b ® 202 158., c ® -0.187382, Σ1 ® -1.00001, Σ2 ® 0.999998, Σ3 ® -0.999989<,8a ® 825 376., b ® 293 148., c ® 970 906., Σ1 ® -1.00001, Σ2 ® -0.999998, Σ3 ® -0.999989<,9a ® -3.31199, b ® -3.41124 ´ 10-6, c ® 2.81556, Σ1 ® 1.00001, Σ2 ® -0.999998, Σ3 ® 0.999989=,9a ® -1.21157 ´ 10-6, b ® 1.17632, c ® -0.35517, Σ1 ® -1.00001, Σ2 ® 0.999998, Σ3 ® 0.999989=,9a ® 9.26908 ´ 10-7, b ® -4.94662 ´ 10-6,

c ® -3.24392 ´ 10-7, Σ1 ® 1.00001, Σ2 ® 0.999998, Σ3 ® 0.999989=,9a ® 0.301933, b ® -0.850109, c ® -1.02997 ´ 10-6, Σ1 ® 1.00001, Σ2 ® 0.999998, Σ3 ® -0.999989==
From the eight solutions we need the only one, where the scale variables are positive, Σi > 0, therefore

sol3NSolve = Select@sol, Hð@@4, 2DD > 0L ì Hð@@5, 2DD > 0L ì Hð@@6, 2DD > 0L &D
99a ® 9.26908 ´ 10-7, b ® -4.94662 ´ 10-6,

c ® -3.24392 ´ 10-7, Σ1 ® 1.00001, Σ2 ® 0.999998, Σ3 ® 0.999989==
where 

Σ1 = 1.0000054081636032

The computation time

sol = Timing@NSolve@Neqs, 8a, b, c, Σ1, Σ2, Σ3<D;D
80.125, Null<

Rotation angles in seconds :

CardanS@R �. sol3NSolve@@1DDD
8-0.382376, 2.04063, 0.13382<

Scale parameters :

SetPrecision@81 � Σ1, 1 � Σ2, 1 � Σ3< �. sol3NSolve@@1DD, 10D
80.9999945919, 1.000002156, 1.000010708<

3.2 Global minimization

Using directly the least squares method, we can define the an objective  function, the sum of the squares of the errors, which
should be minimized. the objective function is 
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nobj = ApplyAPlus, MapAð2 &, NeqsEE; Short@nobj, 10D
H140 851. + 141 039. a + 215 777. b + 215 777. b Σ1 + 141 039. a Σ2 - 140 850. Σ3L2

+H61 552.7 + 334 829. a + 191 326. b + 191 325. b Σ1 + 334 829. a Σ2 - 61 552.1 Σ3L2
+H141 039. - 140 851. a - 215 777. c - 215 777. c Σ1 - 141 039. Σ2 - 140 850. a Σ3L2
+H334 829. - 61 552.7 a - 191 326. c - 191 325. c Σ1 - 334 829. Σ2 - 61 552.1 a Σ3L2
+H-191 326. + 61 552.7 b - 334 829. c + 191 325. Σ1 - 334 829. c Σ2 + 61 552.1 b Σ3L2

+H-215 777. + 140 851. b - 141 039. c + 215 777. Σ1 - 141 039. c Σ2 + 140 850. b Σ3L2

NMin = NMinimize@nobj, 8a, b, c, Σ1, Σ2, Σ3<, Method ® "DifferentialEvolution"D �� Timing

91.11, 91.14842 ´ 10-21, 9a ® 9.26908 ´ 10-7, b ® -4.94662 ´ 10-6,

c ® -3.24392 ´ 10-7, Σ1 ® 1.00001, Σ2 ® 0.999998, Σ3 ® 0.999989===
where for example

Σ1 = 1.0000054081636032

Rotation angles in seconds :

CardanS@R �. NMin@@2, 2DDD
8-0.382376, 2.04063, 0.13382<

Scale parameters :

SetPrecision@81 � Σ1, 1 � Σ2, 1 � Σ3< �. NMin@@2, 2DD, 10D
80.9999945919, 1.000002156, 1.000010708<

3.3 Homotopy Solution

We can employ the convex  linear or BØzout homotopy, see Drexler(1977), Garcia  and Zangwill (1979).  The homotopy
function is

H (x, Β) = Γ (1 - Β) G (x) + Β F (x)

and while Β is changing from 0 to 1, the starting system G(x) will be transformed into the original system F(x) to be solved.

The method has been implemented into Mathematica  as a function LinearHomotopyFR, see PalÆncz(2008) and using the

built in function FindRoot employing Newton-Raphson method.
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LinearHomotopyFR@F_, G_, X_, X0_, Γ_, n_D := ModuleB8H, X0L, Λ0, i, Β, m, R, RR, j, k, sol<,
Off@FindRoot::"lstol"D;
Λ0 = TableBi 1

n
, 8i, 0, n<F;

H = Flatten@H1 - ΒL Thread@G ΓD + Β FD;
m = Length@XD;
k = Length@X0D;
RR = 8<;
Do@
X0L = 8X0@@jDD<;
Do@AppendTo@X0L, Map@ð@@2DD &,

FindRoot@H �. Β ® Λ0@@i + 1DD, MapThread@8ð1, ð2< &, 8X, X0L@@iDD<DDDD, 8i, 1, n<D;
R = 8<;
Do@AppendTo@R, Interpolation@MapThread@8ð1, ð2@@iDD< &, 8Λ0, X0L<DDD, 8i, 1, m<D;
AppendTo@RR, 8Map@Chop@N@ð@1DDD &, RD, R<D,8j, 1, k<D;

sol = Transpose@RRD;8sol@@1DD, Table@MapThread@ð1@ΛD ® ð2@ΛD &, 8X, sol@@2, iDD<D, 8i, 1, Length@X0D<D<F
This function will compute the homotopy paths using successive Newton-Raphson method,

Input variables
F   - list of functions of the polynomial system to be solved, F = { f

1
(x), f

2
(x),..., f

n
(x)}

G  - list of the starting system, G = 9g
1

 HxL,g
2
(x),...,g

n
 HxL}, 

X  - list of the independent variables X =  {x1,x2,...,xn}

X0  -  list of initial values, X0 = {{x01,x02,...,x0n<1,{x01,x02,...,x0n<2,...,{x01,x02,...,x0n<m}

         where m is the number of the roots of  F 
 Γ   -  list of complex numbers, {Γ1, Γ2,...,Γn}, it means Γi can be different for every gi(x), 

          If the starting  system is generated for polynomials all  Γi = 1.

 n  -   number of the subintervalls  in [0, 1].        

Output variables

sol[1]    -  list of the i-th solutions correspondig to the i-th initial values,  {x01,x02,...,x0n<i, i = 1...m

sol[2]    -  list of the path of  i-th solutions in form of interpolating functions of the variables  
                 correspondig to the i-th  initial values,  {x01,x02,...,x0n<i,   i = 1...m,

                 {{j1, j2, ..., jn <1,{j1, j2, ..., jn <2,...,{j1, j2, ..., jn <m},  ji=ji(Λ)

Instead of computing all of the roots bounded by the Bezout bound, which is 64 in this case (six quadratics),  let us consider
our starting sytem as the linear part of the nonlinear system,

G1 = -X13 + c Y13 - b Z13 + x13 Σ1;

G2 = -X23 + c Y23 - b Z23 + x23 Σ1;

G3 = -c X13 - Y13 + a Z13 + y13 Σ2;

G4 = -c X23 - Y23 + a Z23 + y23 Σ2;

G5 = b X13 - a Y13 - Z13 + z13 Σ3;

G6 = b X23 - a Y23 - Z23 + z23 Σ3;

In numerical form
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In numerical form

Geqs = 8G1, G2, G3, G4, G5, G6< �. newVarsA �. numericalValues

8-215 777. + 140 851. b - 141 039. c + 215 777. Σ1, -191 326. + 61 552.7 b - 334 829. c + 191 325. Σ1,

141 039. - 140 851. a - 215 777. c - 141 039. Σ2, 334 829. - 61 552.7 a - 191 326. c - 334 829. Σ2,

140 851. + 141 039. a + 215 777. b - 140 850. Σ3, 61 552.7 + 334 829. a + 191 326. b - 61 552.1 Σ3<
The starting values can be easily computed by solving  this linear system

solG = NSolve@Geqs, 8a, b, c, Σ1, Σ2, Σ3<D �� Flatten

9a ® 1.85381 ´ 10-6, b ® -9.89319 ´ 10-6,

c ® -6.48787 ´ 10-7, Σ1 ® 1.00001, Σ2 ® 0.999998, Σ3 ® 0.999989=
The list of the variables

XX = 8a, b, c, Σ1, Σ2, Σ3<;
The initial values

X0 = 8Map@ð@@2DD &, solGD<
991.85381 ´ 10-6, -9.89319 ´ 10-6, -6.48787 ´ 10-7, 1.00001, 0.999998, 0.999989==

Now, the starting system is Geqs and the target system is Neqs. In this case , we can work with real values, there is no need

to use complex number to avoid singularity of the homotopy function

Γ = 81, 1, 1, 1, 1, 1<;
sol = LinearHomotopyFR@Neqs, Geqs, XX, X0, Γ, 10D;
sol@@1DD
999.26908 ´ 10-7, -4.94662 ´ 10-6, -3.24392 ´ 10-7, 1.00001, 0.999998, 0.999989==

where

Σ1 = 1.000005408163603

Rotation angles in seconds :

CardanS@R �. 8a ® sol@@1, 1, 1DD, b ® sol@@1, 1, 2DD, c ® sol@@1, 1, 3DD<D
8-0.382376, 2.04063, 0.13382<

Scale parameters :

SetPrecision@81 � Σ1, 1 � Σ2, 1 � Σ3< �. 8Σ1 ® sol@@1, 1, 4DD, Σ2 ® sol@@1, 1, 5DD, Σ3 ® sol@@1, 1, 6DD<, 10D
80.9999945919, 1.000002156, 1.000010708<

The computation time

sol = Timing@LinearHomotopyFR@Neqs, Geqs, XX, X0, Γ, 10D;D
80.031, Null<

Remarks : According to our numerical experiences, the generation of the starting system for the homotopy function from the
linear part of the original nonlinear one is proved to be reliable in case of many different  systems. Homotopy solution is
roughly two-three times faster than the global polynomial solver  (NSolve(#)) and  20- 30 times faster than global minimi-

zation  (NMinimize(#)).  In  addition   there  is  no  need  to  select  the  proper  (positive)  solution like  in  case  of  using

NSolve(#).
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Remarks : According to our numerical experiences, the generation of the starting system for the homotopy function from the
linear part of the original nonlinear one is proved to be reliable in case of many different  systems. Homotopy solution is
roughly two-three times faster than the global polynomial solver  (NSolve(#)) and  20- 30 times faster than global minimi-

zation  (NMinimize(#)).  In  addition   there  is  no  need  to  select  the  proper  (positive)  solution like  in  case  of  using

NSolve(#).

Table 1.
Comparing Global Numerical Methods for solving 3 Point Problem

Method Time of computation

HsecL
Solution

Numerical Groebner basis

& eigensystem method

0.125 many

Global minimization 1.110 one

Homotopymethod 0.031 one

  4. Symbolic solutions

4.1 Improved Dixon resultant - Kapur, Saxena  and Yang method

Our intention is to reduce the computation time of the 3 point solution, because, for example, in case of Gauss-Jacobi method
for N points, it is very important to use an effective method for  solving one of the many combinations. This reduction can be
done by Dixon resultant -  see  Nakos and Williams  (2002) and originally suggested by Kapur, Saxena  and Yang (1994) -
or by reduced Groebner basis as well as by using other multipolynomial resultant. Here we employ the Dixon resultant.

<< Resultant‘Dixon‘

Unfortunately, even the reduced equation system with 6 nonlinear equations and  with 6 unknown parameters had no direct
reduction to a univariate polynomial  using  Dixon resultant via Mathematica. But we can use either method to reduce the
equation system to 3 equations with 3 parameters. For the sake  of illustration and completion we will carry out this computa-
tion. However , a far superior method  will be presented in the next section. To begin, one has to  three times select   4 - 4
independent equations (fourplexes) from the 6 equations, arbitrarily. From a fourplex, we can eliminate a, b, c parameters
using Dixon or Grobner method (both give the same result, here we employed the Dixon resultant). Choosing three indepen-
dent combinations of  the fourplexes, we get three nonlinear equations for the scale parameters (respectively for the inverse
of the 3 scale parameters, Σi ).

Elimination of a, b and c from the fourplexes:

dr1Σ123 = DixonResultant@8g1, g2, g3, g4<, 8a, b, c<, 8s1, s2, s3<D
X232 Z132 + Y232 Z132 - 2 X13 X23 Z13 Z23 - 2 Y13 Y23 Z13 Z23 + X132 Z232 + Y132 Z232 -

x232 Z132 Σ1
2

+ 2 x13 x23 Z13 Z23 Σ1
2

- x132 Z232 Σ1
2

- y232 Z132 Σ2
2

+ 2 y13 y23 Z13 Z23 Σ2
2

-

y132 Z232 Σ2
2

+ 2 X232 z13 Z13 Σ3 + 2 Y232 z13 Z13 Σ3 - 2 X13 X23 Z13 z23 Σ3 -

2 Y13 Y23 Z13 z23 Σ3 - 2 X13 X23 z13 Z23 Σ3 - 2 Y13 Y23 z13 Z23 Σ3 + 2 X132 z23 Z23 Σ3 +

2 Y132 z23 Z23 Σ3 - 2 x232 z13 Z13 Σ1
2

Σ3 + 2 x13 x23 Z13 z23 Σ1
2

Σ3 + 2 x13 x23 z13 Z23 Σ1
2

Σ3 -

2 x132 z23 Z23 Σ1
2

Σ3 - 2 y232 z13 Z13 Σ2
2

Σ3 + 2 y13 y23 Z13 z23 Σ2
2

Σ3 + 2 y13 y23 z13 Z23 Σ2
2

Σ3 -

2 y132 z23 Z23 Σ2
2

Σ3 + X232 z132 Σ3
2

+ Y232 z132 Σ3
2

- 2 X13 X23 z13 z23 Σ3
2

-

2 Y13 Y23 z13 z23 Σ3
2

+ X132 z232 Σ3
2

+ Y132 z232 Σ3
2

- x232 z132 Σ1
2

Σ3
2

+ 2 x13 x23 z13 z23 Σ1
2

Σ3
2

-

x132 z232 Σ1
2

Σ3
2

- y232 z132 Σ2
2

Σ3
2

+ 2 y13 y23 z13 z23 Σ2
2

Σ3
2

- y132 z232 Σ2
2

Σ3
2

and similarly

dr2Σ123 = DixonResultant@8g2, g3, g4, g5<, 8a, b, c<, 8s1, s2, s3<D;
dr3Σ123 = DixonResultant@8g3, g4, g5, g6<, 8a, b, c<, 8s1, s2, s3<D;

The succesfull application of Dixon - KSY, in order to carry out further reduction, needs to compute compact coefficients of
the remained three polynomials.

In order to determine the compact form of the polynomial equations,  the following functions, providing to find coefficients
in a multivariate polynomial, are developed,
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In order to determine the compact form of the polynomial equations,  the following functions, providing to find coefficients
in a multivariate polynomial, are developed,

Expon@equ_D := Union@Table@Exponent@equ@@iDD, Reverse@variDD, 8i, Length@equD<DD
Koeff@poly_, 8i_, j_, k_<D := CoefficientList@poly, Reverse@variDD@@i + 1, j + 1, k + 1DD
KoeffList@poly_D := Table@Koeff@poly, Expon@polyD@@iDDD, 8i, Length@Expon@polyDD<D
ExpVari@8x_, y_, z_<, 8i_, j_, k_<D := x^i y^j z^k

ExpVariList@poly_D :=

Table@ExpVari@Reverse@variD, Expon@polyD@@iDDD, 8i, Length@Expon@polyDD<D
vari = 8x, y, z<;
pl = 15 + x^2 + 2 y + 3 x y + 6 x^3 + 8 x + 9 x + 20 z

15 + 17 x + x2 + 6 x3 + 2 y + 3 x y + 20 z

ExpVariList@plD
91, x, x2, x3, y, x y, z=
KoeffList@plD
815, 17, 1, 6, 2, 3, 20<

Let us apply this method for our system. The variables are

vari = 8Σ1, Σ2, Σ3<;
The first equation is

dr1P = dr1Σ123 �� Expand

X232 Z132 + Y232 Z132 - 2 X13 X23 Z13 Z23 - 2 Y13 Y23 Z13 Z23 + X132 Z232 + Y132 Z232 -

x232 Z132 Σ1
2

+ 2 x13 x23 Z13 Z23 Σ1
2

- x132 Z232 Σ1
2

- y232 Z132 Σ2
2

+ 2 y13 y23 Z13 Z23 Σ2
2

-

y132 Z232 Σ2
2

+ 2 X232 z13 Z13 Σ3 + 2 Y232 z13 Z13 Σ3 - 2 X13 X23 Z13 z23 Σ3 -

2 Y13 Y23 Z13 z23 Σ3 - 2 X13 X23 z13 Z23 Σ3 - 2 Y13 Y23 z13 Z23 Σ3 + 2 X132 z23 Z23 Σ3 +

2 Y132 z23 Z23 Σ3 - 2 x232 z13 Z13 Σ1
2

Σ3 + 2 x13 x23 Z13 z23 Σ1
2

Σ3 + 2 x13 x23 z13 Z23 Σ1
2

Σ3 -

2 x132 z23 Z23 Σ1
2

Σ3 - 2 y232 z13 Z13 Σ2
2

Σ3 + 2 y13 y23 Z13 z23 Σ2
2

Σ3 + 2 y13 y23 z13 Z23 Σ2
2

Σ3 -

2 y132 z23 Z23 Σ2
2

Σ3 + X232 z132 Σ3
2

+ Y232 z132 Σ3
2

- 2 X13 X23 z13 z23 Σ3
2

-

2 Y13 Y23 z13 z23 Σ3
2

+ X132 z232 Σ3
2

+ Y132 z232 Σ3
2

- x232 z132 Σ1
2

Σ3
2

+ 2 x13 x23 z13 z23 Σ1
2

Σ3
2

-

x132 z232 Σ1
2

Σ3
2

- y232 z132 Σ2
2

Σ3
2

+ 2 y13 y23 z13 z23 Σ2
2

Σ3
2

- y132 z232 Σ2
2

Σ3
2

The corresponding terms are

d1 = ExpVariList@dr1PD
91, Σ1

2, Σ2
2, Σ3, Σ1

2
Σ3, Σ2

2
Σ3, Σ3

2, Σ1
2

Σ3
2, Σ2

2
Σ3
2=

and their coefficients

C1 = KoeffList@dr1PD
9X232 Z132 + Y232 Z132 - 2 X13 X23 Z13 Z23 - 2 Y13 Y23 Z13 Z23 + X132 Z232 + Y132 Z232,

-x232 Z132 + 2 x13 x23 Z13 Z23 - x132 Z232, -y232 Z132 + 2 y13 y23 Z13 Z23 - y132 Z232,

2 X232 z13 Z13 + 2 Y232 z13 Z13 - 2 X13 X23 Z13 z23 - 2 Y13 Y23 Z13 z23 -

2 X13 X23 z13 Z23 - 2 Y13 Y23 z13 Z23 + 2 X132 z23 Z23 + 2 Y132 z23 Z23,

-2 x232 z13 Z13 + 2 x13 x23 Z13 z23 + 2 x13 x23 z13 Z23 - 2 x132 z23 Z23,

-2 y232 z13 Z13 + 2 y13 y23 Z13 z23 + 2 y13 y23 z13 Z23 - 2 y132 z23 Z23,

X232 z132 + Y232 z132 - 2 X13 X23 z13 z23 - 2 Y13 Y23 z13 z23 + X132 z232 + Y132 z232,

-x232 z132 + 2 x13 x23 z13 z23 - x132 z232, -y232 z132 + 2 y13 y23 z13 z23 - y132 z232=
It is easy to check our result
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It is easy to check our result

dr1P - HC1.d1L �� Simplify

0

Now we shall introduce the following new coefficients representing the original ones

HH = Table@Hi, 8i, 0, Length@d1D - 1<D
8H0, H1, H2, H3, H4, H5, H6, H7, H8<

Then the proper assignments are

C1s = MapThread@ð1 ® ð2 &, 8HH, C1<D
9H0 ® X232 Z132 + Y232 Z132 - 2 X13 X23 Z13 Z23 - 2 Y13 Y23 Z13 Z23 + X132 Z232 + Y132 Z232,

H1 ® -x232 Z132 + 2 x13 x23 Z13 Z23 - x132 Z232, H2 ® -y232 Z132 + 2 y13 y23 Z13 Z23 - y132 Z232,

H3 ® 2 X232 z13 Z13 + 2 Y232 z13 Z13 - 2 X13 X23 Z13 z23 - 2 Y13 Y23 Z13 z23 -

2 X13 X23 z13 Z23 - 2 Y13 Y23 z13 Z23 + 2 X132 z23 Z23 + 2 Y132 z23 Z23,

H4 ® -2 x232 z13 Z13 + 2 x13 x23 Z13 z23 + 2 x13 x23 z13 Z23 - 2 x132 z23 Z23,

H5 ® -2 y232 z13 Z13 + 2 y13 y23 Z13 z23 + 2 y13 y23 z13 Z23 - 2 y132 z23 Z23,

H6 ® X232 z132 + Y232 z132 - 2 X13 X23 z13 z23 - 2 Y13 Y23 z13 z23 + X132 z232 + Y132 z232,

H7 ® -x232 z132 + 2 x13 x23 z13 z23 - x132 z232, H8 ® -y232 z132 + 2 y13 y23 z13 z23 - y132 z232=
Consequently, our first equation can be written in a compact form, namely

e1 = HH.d1

H0 + H1 Σ1
2

+ H2 Σ2
2

+ H3 Σ3 + H4 Σ1
2

Σ3 + H5 Σ2
2

Σ3 + H6 Σ3
2

+ H7 Σ1
2

Σ3
2

+ H8 Σ2
2

Σ3
2

Similarly, one can carry out these computations for the two other polynomials.

The compact form of the second and third equations,

f1 = J0 + J1 Σ1 + J2 Σ1
2 + J3 Σ1

3 + J4 Σ2
2 + J5 Σ1 Σ2

2 + J6 Σ3 + J7 Σ1 Σ3 +

J8 Σ1
2 Σ3 + J9 Σ1

3 Σ3 + J10 Σ2
2 Σ3 + J11 Σ1 Σ2

2 Σ3 + J12 Σ3
2 + J13 Σ1 Σ3

2 + J14 Σ3
3 + J15 Σ1 Σ3

3;

g1 = K0 + K1 Σ1 + K2 Σ1
2 + K3 Σ2

2 + K4 Σ1 Σ2
2 + K5 Σ1

2 Σ2
2 + K6 Σ3

2 + K7 Σ1 Σ3
2 + K8 Σ1

2 Σ3
2;

and their coefficients

C2s = 9J0 ® X13 X232 Z13 + X13 Y232 Z13 - X132 X23 Z23 + X23 Y132 Z23 - 2 X13 Y13 Y23 Z23 +

X23 Z132 Z23 - X13 Z13 Z232, J1 ® x13 X232 Z13 + x13 Y232 Z13 + X132 x23 Z23 -

2 x13 X13 X23 Z23 + x23 Y132 Z23 - 2 x13 Y13 Y23 Z23 + x23 Z132 Z23 - x13 Z13 Z232,

J2 ® -X13 x232 Z13 + 2 x13 X13 x23 Z23 - x132 X23 Z23, J3 ® -x13 x232 Z13 + x132 x23 Z23,

J4 ® -X13 y232 Z13 - X23 y132 Z23 + 2 X13 y13 y23 Z23,

J5 ® -x13 y232 Z13 - x23 y132 Z23 + 2 x13 y13 y23 Z23,

J6 ® X13 X232 z13 + X13 Y232 z13 - X132 X23 z23 + X23 Y132 z23 -

2 X13 Y13 Y23 z23 + X23 Z132 z23 - 2 X13 Z13 z23 Z23 + X13 z13 Z232,

J7 ® x13 X232 z13 + x13 Y232 z13 + X132 x23 z23 - 2 x13 X13 X23 z23 + x23 Y132 z23 -

2 x13 Y13 Y23 z23 + x23 Z132 z23 - 2 x13 Z13 z23 Z23 + x13 z13 Z232,

J8 ® -X13 x232 z13 + 2 x13 X13 x23 z23 - x132 X23 z23, J9 ® -x13 x232 z13 + x132 x23 z23,

J10 ® -X13 y232 z13 - X23 y132 z23 + 2 X13 y13 y23 z23,

J11 ® -x13 y232 z13 - x23 y132 z23 + 2 x13 y13 y23 z23,

J12 ® -X13 Z13 z232 - X23 z132 Z23 + 2 X13 z13 z23 Z23,

J13 ® -x13 Z13 z232 - x23 z132 Z23 + 2 x13 z13 z23 Z23,

J14 ® -X23 z132 z23 + X13 z13 z232, J15 ® -x23 z132 z23 + x13 z13 z232=;
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C3s = 9K0 ® -X232 Y132 + 2 X13 X23 Y13 Y23 - X132 Y232 - X232 Z132 + 2 X13 X23 Z13 Z23 - X132 Z232,

K1 ® -2 x23 X23 Y132 + 2 X13 x23 Y13 Y23 + 2 x13 X23 Y13 Y23 - 2 x13 X13 Y232 -

2 x23 X23 Z132 + 2 X13 x23 Z13 Z23 + 2 x13 X23 Z13 Z23 - 2 x13 X13 Z232,

K2 ® -x232 Y132 + 2 x13 x23 Y13 Y23 - x132 Y232 - x232 Z132 + 2 x13 x23 Z13 Z23 - x132 Z232,

K3 ® X232 y132 - 2 X13 X23 y13 y23 + X132 y232,

K4 ® 2 x23 X23 y132 - 2 X13 x23 y13 y23 - 2 x13 X23 y13 y23 + 2 x13 X13 y232,

K5 ® x232 y132 - 2 x13 x23 y13 y23 + x132 y232, K6 ® X232 z132 - 2 X13 X23 z13 z23 + X132 z232,

K7 ® 2 x23 X23 z132 - 2 X13 x23 z13 z23 - 2 x13 X23 z13 z23 + 2 x13 X13 z232,

K8 ® x232 z132 - 2 x13 x23 z13 z23 + x132 z232=;
Now, we can reduce our three polynomial system to two polynomials with two variables via pairwise elimination technique.
First, let us consider the first and third polynomials and eliminate the variable Σ2  from both, employing reduced Grö bner

basis computed via Groebner - walk and then do the same with the first and second polynomails,

eg13 = GroebnerBasis@8e1, g1<, 8Σ1, Σ2, Σ3<, 8Σ2<D
9-H2 K0 + H0 K3 - H2 K1 Σ1 + H0 K4 Σ1 - H2 K2 Σ1

2
+ H1 K3 Σ1

2
+ H0 K5 Σ1

2
+ H1 K4 Σ1

3
+

H1 K5 Σ1
4

- H5 K0 Σ3 + H3 K3 Σ3 - H5 K1 Σ1 Σ3 + H3 K4 Σ1 Σ3 - H5 K2 Σ1
2

Σ3 + H4 K3 Σ1
2

Σ3 +

H3 K5 Σ1
2

Σ3 + H4 K4 Σ1
3

Σ3 + H4 K5 Σ1
4

Σ3 - H8 K0 Σ3
2

+ H6 K3 Σ3
2

- H2 K6 Σ3
2

- H8 K1 Σ1 Σ3
2

+

H6 K4 Σ1 Σ3
2

- H2 K7 Σ1 Σ3
2

- H8 K2 Σ1
2

Σ3
2

+ H7 K3 Σ1
2

Σ3
2

+ H6 K5 Σ1
2

Σ3
2

- H2 K8 Σ1
2

Σ3
2

+ H7 K4 Σ1
3

Σ3
2

+

H7 K5 Σ1
4

Σ3
2

- H5 K6 Σ3
3

- H5 K7 Σ1 Σ3
3

- H5 K8 Σ1
2

Σ3
3

- H8 K6 Σ3
4

- H8 K7 Σ1 Σ3
4

- H8 K8 Σ1
2

Σ3
4=

ef13 = GroebnerBasis@8e1, f1<, 8Σ1, Σ2, Σ3<, 8Σ2<D
9-H2 J0 + H0 J4 - H2 J1 Σ1 + H0 J5 Σ1 - H2 J2 Σ1

2
+ H1 J4 Σ1

2
- H2 J3 Σ1

3
+ H1 J5 Σ1

3
- H5 J0 Σ3 + H3 J4 Σ3 - H2 J6 Σ3 +

H0 J10 Σ3 - H5 J1 Σ1 Σ3 + H3 J5 Σ1 Σ3 - H2 J7 Σ1 Σ3 + H0 J11 Σ1 Σ3 - H5 J2 Σ1
2

Σ3 + H4 J4 Σ1
2

Σ3 - H2 J8 Σ1
2

Σ3 +

H1 J10 Σ1
2

Σ3 - H5 J3 Σ1
3

Σ3 + H4 J5 Σ1
3

Σ3 - H2 J9 Σ1
3

Σ3 + H1 J11 Σ1
3

Σ3 - H8 J0 Σ3
2

+ H6 J4 Σ3
2

- H5 J6 Σ3
2

+ H3 J10 Σ3
2

-

H2 J12 Σ3
2

- H8 J1 Σ1 Σ3
2

+ H6 J5 Σ1 Σ3
2

- H5 J7 Σ1 Σ3
2

+ H3 J11 Σ1 Σ3
2

- H2 J13 Σ1 Σ3
2

- H8 J2 Σ1
2

Σ3
2

+ H7 J4 Σ1
2

Σ3
2

-

H5 J8 Σ1
2

Σ3
2

+ H4 J10 Σ1
2

Σ3
2

- H8 J3 Σ1
3

Σ3
2

+ H7 J5 Σ1
3

Σ3
2

- H5 J9 Σ1
3

Σ3
2

+ H4 J11 Σ1
3

Σ3
2

- H8 J6 Σ3
3

+ H6 J10 Σ3
3

-

H5 J12 Σ3
3

- H2 J14 Σ3
3

- H8 J7 Σ1 Σ3
3

+ H6 J11 Σ1 Σ3
3

- H5 J13 Σ1 Σ3
3

- H2 J15 Σ1 Σ3
3

- H8 J8 Σ1
2

Σ3
3

+ H7 J10 Σ1
2

Σ3
3

-

H8 J9 Σ1
3

Σ3
3

+ H7 J11 Σ1
3

Σ3
3

- H8 J12 Σ3
4

- H5 J14 Σ3
4

- H8 J13 Σ1 Σ3
4

- H5 J15 Σ1 Σ3
4

- H8 J14 Σ3
5

- H8 J15 Σ1 Σ3
5=

The succesfull application of Dixon - KSY, in order to carry out further reduction, needs to compute compact coefficients of
the remaining three polynomials, similarly as before.

The compact form of the two equations are,

u1 = U0 + U1 Σ1 + U2 Σ1
2 + U3 Σ1

3 + U4 Σ1
4 + U5 Σ3 + U6 Σ1 Σ3 + U7 Σ1

2 Σ3 + U8 Σ1
3 Σ3 + U9 Σ1

4 Σ3 + U10 Σ3
2 + U11 Σ1 Σ3

2 +

U12 Σ1
2 Σ3

2 + U13 Σ1
3 Σ3

2 + U14 Σ1
4 Σ3

2 + U15 Σ3
3 + U16 Σ1 Σ3

3 + U17 Σ1
2 Σ3

3 + U18 Σ3
4 + U19 Σ1 Σ3

4 + U20 Σ1
2 Σ3

4;

v1 = V0 + V1 Σ1 + V2 Σ1
2 + V3 Σ1

3 + V4 Σ3 + V5 Σ1 Σ3 + V6 Σ1
2 Σ3 + V7 Σ1

3 Σ3 + V8 Σ3
2 + V9 Σ1 Σ3

2 + V10 Σ1
2 Σ3

2 +

V11 Σ1
3 Σ3

2 + V12 Σ3
3 + V13 Σ1 Σ3

3 + V14 Σ1
2 Σ3

3 + V15 Σ1
3 Σ3

3 + V16 Σ3
4 + V17 Σ1 Σ3

4 + V18 Σ3
5 + V19 Σ1 Σ3

5;

and their coefficients

C13s = 8U0 ® -H2 K0 + H0 K3, U1 ® -H2 K1 + H0 K4, U2 ® -H2 K2 + H1 K3 + H0 K5, U3 ® H1 K4, U4 ® H1 K5,

U5 ® -H5 K0 + H3 K3, U6 ® -H5 K1 + H3 K4, U7 ® -H5 K2 + H4 K3 + H3 K5, U8 ® H4 K4, U9 ® H4 K5,

U10 ® -H8 K0 + H6 K3 - H2 K6, U11 ® -H8 K1 + H6 K4 - H2 K7, U12 ® -H8 K2 + H7 K3 + H6 K5 - H2 K8, U13 ® H7 K4,

U14 ® H7 K5, U15 ® -H5 K6, U16 ® -H5 K7, U17 ® -H5 K8, U18 ® -H8 K6, U19 ® -H8 K7, U20 ® -H8 K8<;
F13s = 8V0 ® -H2 J0 + H0 J4, V1 ® -H2 J1 + H0 J5, V2 ® -H2 J2 + H1 J4,

V3 ® -H2 J3 + H1 J5, V4 ® -H5 J0 + H3 J4 - H2 J6 + H0 J10, V5 ® -H5 J1 + H3 J5 - H2 J7 + H0 J11,

V6 ® -H5 J2 + H4 J4 - H2 J8 + H1 J10, V7 ® -H5 J3 + H4 J5 - H2 J9 + H1 J11,

V8 ® -H8 J0 + H6 J4 - H5 J6 + H3 J10 - H2 J12, V9 ® -H8 J1 + H6 J5 - H5 J7 + H3 J11 - H2 J13,

V10 ® -H8 J2 + H7 J4 - H5 J8 + H4 J10, V11 ® -H8 J3 + H7 J5 - H5 J9 + H4 J11,

V12 ® -H8 J6 + H6 J10 - H5 J12 - H2 J14, V13 ® -H8 J7 + H6 J11 - H5 J13 - H2 J15, V14 ® -H8 J8 + H7 J10,

V15 ® -H8 J9 + H7 J11, V16 ® -H8 J12 - H5 J14, V17 ® -H8 J13 - H5 J15, V18 ® -H8 J14, V19 ® -H8 J15<;
The last step is to eliminate Σ3  from both polynomials in order to get a monomial containing only one variable, namely Σ1.

This is a very difficult problem because of the big size of the result. The enhanced Dixon resultant as well as the Buchberger
and Groebner - walk algorithms all failed because they employ expanded form of the polynomials during the computation,
however classical Dixon method working with factorized form was successful.
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The last step is to eliminate Σ3  from both polynomials in order to get a monomial containing only one variable, namely Σ1.

This is a very difficult problem because of the big size of the result. The enhanced Dixon resultant as well as the Buchberger
and Groebner - walk algorithms all failed because they employ expanded form of the polynomials during the computation,
however classical Dixon method working with factorized form was successful.

uv1 = ClassicalDixonResultant@8u1, v1<, 8Σ3<, 8s1<D
A very large output was generated. Here is a sample of it:

� 6� + I-U18 V18 - U19 V18 Σ1 - U18 V19 Σ1 - U20 V18 Σ1
2 - U19 V19 Σ1

2 - U20 V19 Σ1
3MI-IU18 V8 - U10 V16 - U5 V18 + U19 V8 Σ1 + U18 V9 Σ1 - U11 V16 Σ1 - U10 V17 Σ1 - U6 V18 Σ1 - U5 V19 Σ1 +

U20 V8 Σ1
2 + U19 V9 Σ1

2 + U18 V10 Σ1
2 - U12 V16 Σ1

2 - U11 V17 Σ1
2 - U7 V18 Σ1

2 - U6 V19 Σ1
2 + U20 V9 Σ1

3 +

U19 V10 Σ1
3 + U18 V11 Σ1

3 - U13 V16 Σ1
3 - U12 V17 Σ1

3 - U8 V18 Σ1
3 - U7 V19 Σ1

3 + U20 V10 Σ1
4 + U19 V11 Σ1

4 -

U14 V16 Σ1
4 - U13 V17 Σ1

4 - U9 V18 Σ1
4 - U8 V19 Σ1

4 + U20 V11 Σ1
5 - U14 V17 Σ1

5 - U9 V19 Σ1
5M H� 1� L +H� 1� L H� 1� L - � 1� + I� 41� + U20 V15 Σ1

5 - U14 V19 Σ1
5M H� 1� LM

Show Less Show More Show Full Output Set Size Limit...

The result is very big in size, in printed form with normal style is about 30 pages! Expanding and count of the number of
terms was impossible with our machine! 

uv1 = ClassicalDixonResultant@8u1, v1<, 8Σ3<, 8s1<D; �� Timing

80.187, Null<
Substituting the numerical values into the monomial containing variable Σ1

uv1N = uv1 ��. F13s �. C13s �. C1s �. C2s �. C3s �. newVarsA �. numericalValues �� Expand

-1.72769819627 ´ 10401 - 9.7449866389 ´ 10401 Σ1 - 3.8660753633 ´ 10402 Σ1
2

-

9.207256511 ´ 10402 Σ1
3

- 2.506853275 ´ 10402 Σ1
4

+ 9.8332329833 ´ 10403 Σ1
5

+

2.6870982810 ´ 10404 Σ1
6

- 1.6775706965 ´ 10404 Σ1
7

- 1.85277067949 ´ 10405 Σ1
8

-

3.40560544729 ´ 10405 Σ1
9

- 2.43384860299 ´ 10405 Σ1
10

+ 9.3794929174 ´ 10404 Σ1
11

+

4.05119205901 ´ 10405 Σ1
12

+ 4.4796180942 ´ 10405 Σ1
13

+ 1.8599163055 ´ 10405 Σ1
14

-

1.44260107803 ´ 10405 Σ1
15

- 2.4810011704 ´ 10405 Σ1
16

- 1.19345122115 ´ 10405 Σ1
17

+

2.7798768034 ´ 10404 Σ1
18

+ 7.5039835936 ´ 10404 Σ1
19

+ 5.1504776305 ´ 10404 Σ1
20

+

1.2716799200 ´ 10404 Σ1
21

- 1.04215606242 ´ 10404 Σ1
22

- 1.36695003155 ´ 10404 Σ1
23

-

8.3629910637 ´ 10403 Σ1
24

- 3.50247307754 ´ 10403 Σ1
25

- 1.067078886591 ´ 10403 Σ1
26

-

2.193636502003 ´ 10402 Σ1
27

- 2.150540533771065 ´ 10401 Σ1
28

- 5.5231430672 ´ 10395 Σ1
29

which can be simplified as,

uv1Ns = uv1N 10-395 �� Simplify

-1.727698196 ´ 106 - 9.74498664 ´ 106 Σ1 - 3.866075363 ´ 107 Σ1
2

- 9.20725651 ´ 107 Σ1
3

-

2.506853275 ´ 107 Σ1
4

+ 9.83323298 ´ 108 Σ1
5

+ 2.687098281 ´ 109 Σ1
6

- 1.677570696 ´ 109 Σ1
7

-

1.852770679 ´ 1010 Σ1
8

- 3.405605447 ´ 1010 Σ1
9

- 2.433848603 ´ 1010 Σ1
10

+ 9.37949292 ´ 109 Σ1
11

+

4.051192059 ´ 1010 Σ1
12

+ 4.479618094 ´ 1010 Σ1
13

+ 1.859916305 ´ 1010 Σ1
14

-

1.442601078 ´ 1010 Σ1
15

- 2.481001170 ´ 1010 Σ1
16

- 1.193451221 ´ 1010 Σ1
17

+

2.779876803 ´ 109 Σ1
18

+ 7.50398359 ´ 109 Σ1
19

+ 5.15047763 ´ 109 Σ1
20

+ 1.271679920 ´ 109 Σ1
21

-

1.042156062 ´ 109 Σ1
22

- 1.366950032 ´ 109 Σ1
23

- 8.36299106 ´ 108 Σ1
24

- 3.502473078 ´ 108 Σ1
25

-

1.067078887 ´ 108 Σ1
26

- 2.193636502 ´ 107 Σ1
27

- 2.150540534 ´ 106 Σ1
28

- 5.52314307 Σ1
29

Fortunately we do not need to find all of the roots of this polynomial, because for the value of Σ1 a very good estimation can

be given. In case of the 7 parameter similarity transformation the scale value (s) can be estimated by dividing the sum of
length in both systems from the centre of gravity, see Albertz and Kreiling (1975). In case of the 9 parameter affine transfor-
mation where 3 different  scale values Hs1, s2, s3  are applied accordingt to the 3 coordinate axis, a good approach for the

scale parameters can be given  modifying the Albertz-Kreiling expression. Instead of the quotient of the two lenghtes in the
centre of gravity system we can use the quotients of the sum of the lengthes in the corresponding coordinate axes directions.
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Fortunately we do not need to find all of the roots of this polynomial, because for the value of Σ1 a very good estimation can

be given. In case of the 7 parameter similarity transformation the scale value (s) can be estimated by dividing the sum of
length in both systems from the centre of gravity, see Albertz and Kreiling (1975). In case of the 9 parameter affine transfor-
mation where 3 different  scale values Hs1, s2, s3  are applied accordingt to the 3 coordinate axis, a good approach for the

scale parameters can be given  modifying the Albertz-Kreiling expression. Instead of the quotient of the two lenghtes in the
centre of gravity system we can use the quotients of the sum of the lengthes in the corresponding coordinate axes directions.

The center of gravity in the two systems (xs,ys,zs) and (Xs,Ys,Zs).

xs =
Úi=1
3 xi

3
�. numericalValues; ys =

Úi=1
3 yi

3
�. numericalValues;

zs =
Úi=1
3 zi

3
�. numericalValues; Xs =

Úi=1
3 Xi

3
�. numericalValues;

Ys =
Úi=1
3 Yi

3
�. numericalValues; Zs =

Úi=1
3 Zi

3
�. numericalValues;

The estimated scale parameter according to Albertz and Kreimlig in the Helmert similarity transformation

spriori =
Úi=1
3 Hxi - xsL2

+ Hyi - ysL2
+ Hzi - zsL2

Úi=1
3 HXi - XsL2

+ HYi - YsL2
+ HZi - ZsL2

The estimated scale parameters according to the modified Albertz-Kreimlig expression for the 9 parameter transformation

s1,priori =
Úi=1

3 Hxi-xsL2

Úi=1
3 HXi-XsL2

,s2,priori =
Úi=1

3 Hyi-ysL2

Úi=1
3 HYi-YsL2

, s3,priori =
Úi=1

3 Hzi-zsL2

Úi=1
3 HZi-ZsL2

,

and Σi = 1 � si.

mxpriori =
Úi=1
3 Abs@xi - xsD

Úi=1
3 Abs@Xi - XsD �. numericalValues;

mypriori =
Úi=1
3 Abs@yi - ysD

Úi=1
3 Abs@Yi - YsD �. numericalValues; mzpriori =

Úi=1
3 Abs@zi - zsD

Úi=1
3 Abs@Zi - ZsD �. numericalValues;

Σ1priori = 1 �mxpriori; SetPrecision@Σ1priori, 10D
1.000001248

Therefore Newton - Raphson method can be easily employed

solΣ1 = FindRoot@SetPrecision@uv1Ns � 0, 16D, 8Σ1, Σ1priori<, WorkingPrecision ® 16D
8Σ1 ® 1.000005408167503<

4.2 Accelerated Dixon resultant - Lewis EDF method

The univariate polynomial for Σ1  also can be computed employing the accelerated Dixon resultant by the Early Discovery

Factors (EDF) algorithm, which was suggested and implemented in the computer algebra system Fermat  by Lewis (2007 a,
b). Using this method one can get the result via direct elimination in one step in the following factored form in less than two
seconds of CPU time

ä
i=1

5

ji HΣ1L Ki

where ji HΣ1L are irreducible polynomials with low degree, but their powers,

Ki are big positive integer numbers, so expanding this expression would result in millions of terms!

Consequently, it suffices to use Ki= 1, for i = 1,...,5, namely
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ä
i=1

5

ji HΣ1L
as the determinant of the Dixon matrix  for the resultant. These  polynomials are the following

j11 = y13 *z23 - y23 *z13;

j21 = x13^2 *y23 *z23 * Σ1^2 - x13 *x23 *y13 *z23 * Σ1^2 -

x13 *x23 *y23 *z13 * Σ1^2 + x23^2 *y13 *z13 * Σ1^2 - Z13^2 *y23 *z23 -

Y13^2 *y23 *z23 - X13^2 *y23 *z23 + Z13 *Z23 *y13 *z23 + Y13 *Y23 *y13 *z23 +

X13 *X23 *y13 *z23 + Z13 *Z23 *y23 *z13 + Y13 *Y23 *y23 *z13 +

X13 *X23 *y23 *z13 - Z23^2 *y13 *z13 - Y23^2 *y13 *z13 - X23^2 *y13 *z13;

j31 = x13 *y23 * Σ1 - x23 *y13 * Σ1 + X13 *y23 - X23 *y13;

j41 = Z13 *x13 *x23 *z23 *1^Σ1^2 - Z23 *x13^2 *z23 * Σ1^2 -

Z13 *x23^2 *z13 * Σ1^2 + Z23 *x13 *x23 *z13 * Σ1^2 + X13 *Z13 *x23 *z23 * Σ1 -

2 *X13 *Z23 *x13 *z23 * Σ1 + X23 *Z13 *x13 *z23 * Σ1 + X13 *Z23 *x23 *z13 * Σ1 -

2 *X23 *Z13 *x23 *z13 * Σ1 + X23 *Z23 *x13 *z13 * Σ1 - X13^2 *Z23 *z23 +

X13 *X23 *Z13 *z23 + X13 *X23 *Z23 *z13 - X23^2 *Z13 *z13;

j51 = Z13 *z23 - Z23 *z13;

Let us compute the roots of these factors

Map@NSolve@SetPrecision@ð �. newVarsA �. numericalValues, 16D, Σ1 , WorkingPrecision ® 16D &,8j11, j21, j31, j41, j51<D
88<, 88Σ1 ® -1.000005408163603<, 8Σ1 ® 1.000005408163603<<,88Σ1 ® -0.999996997830469<<, 88Σ1 ® -0.999999999986342<, 8Σ1 ® 0.3141834844679981<<, 8<<

We have here two positive solutions, but the only one is realistic, see modified Albertz and Kreiling estimation,

Σ1 = 1.000005408163603

The numerical solution with global minimization,

Σ1 = 1.0000054081636032

The result computed using  Dixon-KSY method is,

Σ1 ® 1.000005408167503

It means that Dixon - EDF method provides a bit more precise solution. 

The result for Σ1 in symbolic form, considering the positive rootof j2 = 0 is

solΣ1 = HSolve@j21 == 0, Σ1D@@2DD �� SimplifyL
:Σ1 ® I,IX232 y13 z13 + y13 Y232 z13 + X132 y23 z23 + Y132 y23 z23 + y23 Z132 z23 -

X13 X23 Hy23 z13 + y13 z23L - Y13 Y23 Hy23 z13 + y13 z23L - y23 z13 Z13 Z23 -

y13 Z13 z23 Z23 + y13 z13 Z232MM � K Hx23 y13 - x13 y23L Hx23 z13 - x13 z23L O>
Similarly we can get simple explicite form for Σ2 and Σ3, too.

For Σ2 we get

j12 = x13 *z23 - x23 *z13;
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j22 = x13 *y13 *y23 *z23 * Σ2^2 - x23 *y13^2 *z23 * Σ2^2 -

x13 *y23^2 *z13 * Σ2^2 + x23 *y13 *y23 *z13 * Σ2^2 + Z13^2 *x23 *z23 +

Y13^2 *x23 *z23 + X13^2 *x23 *z23 - Z13 *Z23 *x13 *z23 - Y13 *Y23 *x13 *z23 -

X13 *X23 *x13 *z23 - Z13 *Z23 *x23 *z13 - Y13 *Y23 *x23 *z13 -

X13 *X23 *x23 *z13 + Z23^2 *x13 *z13 + Y23^2 *x13 *z13 + X23^2 *x13 *z13;

j32 = x13 *y23 * Σ2 - x23 *y13 * Σ2 - Y13 *x23 + Y23 *x13;

j42 = Z13 *y13 *y23 *z23 * Σ2^2 - Z23 *y13^2 *z23 * Σ2^2 -

Z13 *y23^2 *z13 * Σ2^2 + Z23 *y13 *y23 *z13 * Σ2^2 + Y13 *Z13 *y23 *z23 * Σ2 -

2 *Y13 *Z23 *y13 *z23 * Σ2 + Y23 *Z13 *y13 *z23 * Σ2 + Y13 *Z23 *y23 *z13 * Σ2 -

2 *Y23 *Z13 *y23 *z13 * Σ2 + Y23 *Z23 *y13 *z13 * Σ2 - Y13^2 *Z23 *z23 +

Y13 *Y23 *Z13 *z23 + Y13 *Y23 *Z23 *z13 - Y23^2 *Z13 *z13;

j52 = Z13 *z23 - Z23 *z13;

Let us compute the roots of these factors

Map@NSolve@SetPrecision@ð �. newVarsA �. numericalValues, 16D, Σ2 , WorkingPrecision ® 16D &,8j12, j22, j32, j42, j52<D
98<, 88Σ2 ® -0.9999978437466494<, 8Σ2 ® 0.9999978437466494<<, 88Σ2 ® -0.999997284021702<<,99Σ2 ® -0.9999976 - 0. ´ 10-8

ä=, 9Σ2 ® -0.9999976 + 0. ´ 10-8
ä==, 8<=

The only positive real solution is

Σ2 ® 0.9999978437466494

The numerical solution  with global minimization

Σ2 ® 0.9999978437466492

The result computed using  Dixon-KSY method is

Σ2 ® 0.9999978437461572

It means that Dixon - EDF method provides a bit more precise solution again

The result for Σ2 in symbolic form, considering the positive rootof j2 = 0 is

solΣ2 = HSolve@j2 == 0, Σ2D@@2DD �� SimplifyL
:Σ2 ®

I,I-X132 x23 z23 + X13 X23 Hx23 z13 + x13 z23L + x23 IY13 Y23 z13 - Y132 z23 - Z132 z23 + z13 Z13

Z23M - x13 IX232 z13 + Y232 z13 - Y13 Y23 z23 - Z13 z23 Z23 + z13 Z232MMM �
K -Hx23 y13 - x13 y23L H-y23 z13 + y13 z23L O>

For Σ3 we get only four factors

j13 = y13 *z23 * Σ3 - y23 *z13 * Σ3 - Z13 *y23 + Z23 *y13;

j23 = x13 *y23 - x23 *y13;

j33 = x13 *z23 * Σ3 - x23 *z13 * Σ3 - Z13 *x23 + Z23 *x13;

j43 = x13 *y13 *z23^2 * Σ3^2 - x13 *y23 *z13 *z23 * Σ3^2 - x23 *y13 *z13 *z23 * Σ3^2 +

x23 *y23 *z13^2 * Σ3^2 - Z13^2 *x23 *y23 - Y13^2 *x23 *y23 -

X13^2 *x23 *y23 + Z13 *Z23 *x13 *y23 + Y13 *Y23 *x13 *y23 +

X13 *X23 *x13 *y23 + Z13 *Z23 *x23 *y13 + Y13 *Y23 *x23 *y13 +

X13 *X23 *x23 *y13 - Z23^2 *x13 *y13 - Y23^2 *x13 *y13 - X23^2 *x13 *y13;

Let us compute the roots of these factors
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Let us compute the roots of these factors

Map@NSolve@SetPrecision@ð �. newVarsA �. numericalValues, 16D, Σ3 , WorkingPrecision ® 16D &,8j13, j23, j33, j43<D
888Σ3 ® -1.000000929208230<<, 8<, 88Σ3 ® -0.999995431410408<<,88Σ3 ® -0.9999892916567598<, 8Σ3 ® 0.9999892916567598<<<

The only positive solution is

Σ3 ® 0.9999892916567598

The numerical solution  with global minimization

Σ3 ® 0.9999892916567604

The result computed using  Dixon-KSY method is

Σ3 ® 0.9999892916621562

It means that Dixon - EDF method provides a bit more precise solution again.

The result for Σ3 in symbolic form, considering the positive rootof j4 = 0 is

solΣ3 = HSolve@j43 == 0, Σ3D@@2DD �� SimplifyL
:Σ3 ® I,IX132 x23 y23 - X13 X23 Hx23 y13 + x13 y23L +

x23 IY132 y23 - y13 Y13 Y23 + y23 Z132 - y13 Z13 Z23M +

x13 IX232 y13 - Y13 y23 Y23 + y13 Y232 - y23 Z13 Z23 + y13 Z232MMM �
K Hx23 z13 - x13 z23L Hy23 z13 - y13 z23L O>

Remark : The result of Dixon-EDF method is not only faster and more elegant but also a bit more precise than that of the
iterative Dixon- KSY method. Although, one should check the solutions of  all polynomials with degree 1 and 2 in order to
choose the proper result!

4.3 Reduced Groebner basis

The same result can be computed wia reduced Grobner basis, namely

gbΣ1 = GroebnerBasis@8g1, g2, g3, g4, g5, g6<,
Σ1, 8a, b, c, Σ2, Σ3<, MonomialOrder ® EliminationOrderD

9-X232 y13 z13 + X13 X23 y23 z13 + Y13 y23 Y23 z13 - y13 Y232 z13 + X13 X23 y13 z23 - X132 y23 z23 -

Y132 y23 z23 + y13 Y13 Y23 z23 - y23 Z132 z23 + y23 z13 Z13 Z23 + y13 Z13 z23 Z23 -

y13 z13 Z232 + x232 y13 z13 Σ1
2

- x13 x23 y23 z13 Σ1
2

- x13 x23 y13 z23 Σ1
2

+ x132 y23 z23 Σ1
2=

gbΣ2 = GroebnerBasis@8g1, g2, g3, g4, g5, g6<,
Σ2, 8a, b, c, Σ1, Σ3<, MonomialOrder ® EliminationOrderD

9-X13 x23 X23 z13 + x13 X232 z13 - x23 Y13 Y23 z13 + x13 Y232 z13 + X132 x23 z23 - x13 X13 X23 z23 +

x23 Y132 z23 - x13 Y13 Y23 z23 + x23 Z132 z23 - x23 z13 Z13 Z23 - x13 Z13 z23 Z23 +

x13 z13 Z232 + x23 y13 y23 z13 Σ2
2

- x13 y232 z13 Σ2
2

- x23 y132 z23 Σ2
2

+ x13 y13 y23 z23 Σ2
2=
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gbΣ3 = GroebnerBasis@8g1, g2, g3, g4, g5, g6<,
Σ3, 8a, b, c, Σ1, Σ2<, MonomialOrder ® EliminationOrderD

9X13 x23 X23 y13 - x13 X232 y13 - X132 x23 y23 + x13 X13 X23 y23 - x23 Y132 y23 + x23 y13 Y13 Y23 +

x13 Y13 y23 Y23 - x13 y13 Y232 - x23 y23 Z132 + x23 y13 Z13 Z23 + x13 y23 Z13 Z23 -

x13 y13 Z232 + x23 y23 z132 Σ3
2

- x23 y13 z13 z23 Σ3
2

- x13 y23 z13 z23 Σ3
2

+ x13 y13 z232 Σ3
2=

These polynomials are the same as the polynomials  selected from the result of the Dixon - EDF algorithm

gbΣ1 - j21 �� Simplify

80<
gbΣ2 - j22 �� Simplify

80<
gbΣ3 - j43 �� Simplify

80<
4.4 Symbolic expressions  for a, b and c

Further unknown parameters can be easily computed  from the system of the reduced  equations, g1,...,g6.

Let us express a from the equations g5 and g6,

drba = DixonResultant@8g5, g6<, 8b<, 8s1<D
a X23 Y13 - a X13 Y23 + X23 Z13 - X13 Z23 + a x23 Y13 Σ1 - a x13 Y23 Σ1 +

x23 Z13 Σ1 - x13 Z23 Σ1 + a X23 y13 Σ2 - a X13 y23 Σ2 + a x23 y13 Σ1 Σ2 -

a x13 y23 Σ1 Σ2 - X23 z13 Σ3 + X13 z23 Σ3 - x23 z13 Σ1 Σ3 + x13 z23 Σ1 Σ3

8grba< = GroebnerBasis@8g5, g6<, 8a, b<, 8b<D
8-a X23 Y13 + a X13 Y23 - X23 Z13 + X13 Z23 - a x23 Y13 Σ1 +

a x13 Y23 Σ1 - x23 Z13 Σ1 + x13 Z23 Σ1 - a X23 y13 Σ2 + a X13 y23 Σ2 - a x23 y13 Σ1 Σ2 +

a x13 y23 Σ1 Σ2 + X23 z13 Σ3 - X13 z23 Σ3 + x23 z13 Σ1 Σ3 - x13 z23 Σ1 Σ3<
Then a can be computed form

sola = Solve@grba == 0, aD �� Simplify �� Flatten

:a ®
X23 Z13 - X13 Z23 + H-X23 z13 + X13 z23L Σ3 + Σ1 Hx23 Z13 - x13 Z23 + H-x23 z13 + x13 z23L Σ3L

-X23 Y13 + X13 Y23 + H-X23 y13 + X13 y23L Σ2 + Σ1 H-x23 Y13 + x13 Y23 + H-x23 y13 + x13 y23L Σ2L >
The parameter  b is given by one of the two equations, let say from g5,

solb = Solve@g5 == 0, bD �� Simplify �� Flatten

:b ®
a Y13 + Z13 + a y13 Σ2 - z13 Σ3

X13 + x13 Σ1

>
and parameter c 

solc = Solve@g1 == 0, cD �� Simplify �� Flatten

:c ®
X13 + b Z13 - x13 Σ1 + b z13 Σ3

Y13 + y13 Σ2

>
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4.5 Symbolic expressions of  X0, Y0 and Z0.

The translation parameters can be similarly computed, but now from the original system of equations, fi.

8grbX0< = GroebnerBasis@8f1, f2, f3<, 8X0, Y0, Z0<, 8Y0, Z0<D
9X1 + a2 X1 - b2 X1 - c2 X1 + 2 a b Y1 - 2 c Y1 + 2 b Z1 + 2 a c Z1 -

x1 Σ1 - a2 x1 Σ1 - b2 x1 Σ1 - c2 x1 Σ1 + X0 Σ1 + a2 X0 Σ1 + b2 X0 Σ1 + c2 X0 Σ1=
solX0 = Solve@grbX0 == 0, X0D �� Simplify �� Flatten

:X0 ®

I-1 - a2 + b2 + c2M X1 + H-2 a b + 2 cL Y1 - 2 b Z1 - 2 a c Z1 + x1 Σ1 + a2 x1 Σ1 + b2 x1 Σ1 + c2 x1 Σ1I1 + a2 + b2 + c2M Σ1

>
similarly we get

8grbY0< = GroebnerBasis@8f1, f2, f3<, 8X0, Y0, Z0<, 8X0, Z0<D
92 a b X1 + 2 c X1 + Y1 - a2 Y1 + b2 Y1 - c2 Y1 - 2 a Z1 + 2 b c Z1 -

y1 Σ2 - a2 y1 Σ2 - b2 y1 Σ2 - c2 y1 Σ2 + Y0 Σ2 + a2 Y0 Σ2 + b2 Y0 Σ2 + c2 Y0 Σ2=
solY0 = Solve@grbY0 == 0, Y0D �� Simplify �� Flatten

:Y0 ®

-2 Ha b + cL X1 + I-1 + a2 - b2 + c2M Y1 + 2 a Z1 - 2 b c Z1 + y1 Σ2 + a2 y1 Σ2 + b2 y1 Σ2 + c2 y1 Σ2I1 + a2 + b2 + c2M Σ2

>
and

solZ0 = Solve@f1 == 0, Z0D �� Simplify �� Flatten

:Z0 ®
X1 - c Y1 + b Z1 - x1 Σ1 + X0 Σ1 - c y1 Σ2 + c Y0 Σ2 + b z1 Σ3

b Σ3

>
The numerical result using these symbolic results is the following

8tΣ1, Σ1< = SetPrecision@HΣ1 �. solΣ1 �. newVarsA �. numericalValuesL, 16D �� Chop �� Timing

92.84495 ´ 10-15, 1.0000054081636034=
8tΣ2, Σ2< = SetPrecision@HΣ2 �. solΣ2 �. newVarsA �. numericalValuesL, 16D �� Chop �� Timing

80., 0.9999978437466494<
8tΣ3, Σ3< = SetPrecision@HΣ3 �. solΣ3 �. newVarsA �. numericalValuesL, 16D �� Chop �� Timing

80., 0.9999892916567600<
sΣ = 8Σ1 -> Σ1, Σ2 -> Σ2, Σ3 -> Σ3<
8Σ1 ® 1.0000054081636034, Σ2 ® 0.9999978437466494, Σ3 ® 0.9999892916567600<
8ta, aa< = SetPrecision@Ha �. sola �. newVarsA �. sΣ �. numericalValuesL, 16D �� Chop �� Timing

93.38618 ´ 10-15, 9.269080332103910 ´ 10-7=
8tb, bb< =

SetPrecision@Hb �. solb �. newVarsA �. sΣ �. 8a -> aa< �. numericalValuesL, 16D �� Chop ��
Timing

90., -4.946616458808342 ´ 10-6=
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8tc, cc< =

SetPrecision@Hc �. solc �. newVarsA �. sΣ �. 8b -> bb< �. numericalValuesL, 16D �� Chop ��
Timing

91.69309 ´ 10-15, -3.243922351302802 ´ 10-7=
sabc = 8a -> aa, b -> bb, c -> cc<
9a ® 9.269080332103910 ´ 10-7, b ® -4.946616458808342 ´ 10-6, c ® -3.243922351302802 ´ 10-7=
8tX0, X0< =

SetPrecision@HX0 �. solX0 �. newVarsA �. sΣ �. sabc �. numericalValuesL, 16D �� Chop �� Timing

80., 124.2834144988798<
8tY0, Y0< =

SetPrecision@HY0 �. solY0 �. newVarsA �. sΣ �. sabc �. numericalValuesL, 16D �� Chop �� Timing

80., -62.08451159187030<
8tZ0, Z0< =

SetPrecision@HZ0 �. solZ0 �. newVarsA �. sΣ �. sabc �. 8X0 -> X0, Y0 -> Y0< �. numericalValuesL,
16D �� Chop �� Timing

80., -102.3123880824574<
Rotation angles in seconds :

CardanS@R �. sabcD
8-0.3823763498040887, 2.040625894931123, 0.1338195115851545<

Scale parameters :

SetPrecision@81 � Σ1, 1 � Σ2, 1 � Σ3< �. sΣ, 10D
80.9999945919, 1.000002156, 1.000010708<

The total running time of the evaluation of the analytic expressions developed by computer algebra

Apply@Plus, 8tΣ1, tΣ2, tΣ3, ta, tb, tc, tX0, tY0, tZ0<D
7.92422 ´ 10-15

Let us summarize our results in case of the 3  points problem:

Table 2.

Results in case of 3 points Problem

Method Running Time

HsecL
Numerical Groebner basis

& eigensystem method

0.11

Global minimization

with genetic algorithm

1.17

Linear Homotopy 0.03

Analytic solution

computed via computer algebra

~ 0.00
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Remarks : Keep in mind, that built - in functions are quicker than functions written in Mathematica own language,

which is an interpreter, but built - in functions have a big overhead,

sometimes their code can be many hundred pages, therefore they are not always the faster!

Considering Table 2. it is clear that for 3 points problem the best choice is the application of the analytic form. The advan-
tage of the analytic expression is not only the short computation time. The running time of the homotopy and any iterative
algorithm may depend  the  actual  values  of the  coefficients,  while  in case  of the  evaluation of analytic expressions  the
running time practically is constant. In addition these analytic expressions can be directly transformed into C which is  faster
with roughly two magnitudes than any interpreter languages.
For example, in case Σ1

CFormB 1

Hx23 y13 - x13 y23L Hx23 z13 - x13 z23L  

I,IX232 y13 z13 + y13 Y232 z13 + X132 y23 z23 + Y132 y23 z23 +

y23 Z132 z23 - X13 X23 Hy23 z13 + y13 z23L - Y13 Y23 Hy23 z13 + y13 z23L -

y23 z13 Z13 Z23 - y13 Z13 z23 Z23 + y13 z13 Z232MMF
Sqrt(Power(X23,2)*y13*z13 + y13*Power(Y23,2)*z13 + Power(X13,2)*y23*z23 + Power(Y13,2)*y23*z23 + y23*Power(Z13,2)*z23 - X13*X23*(y23*z13 + y13*z23) - 
     Y13*Y23*(y23*z13 + y13*z23) - y23*z13*Z13*Z23 - y13*Z13*z23*Z23 + y13*z13*Power(Z23,2))/Sqrt((x23*y13  - x13*y23)*(x23*z13 - x13*z23))

We should emphasize again, there is no guarantee, which polynomials give the proper result for a Σi. Therefore in case of

any index i, all corresponding terms should be investigated in order to choose the proper polynomial!

Conclusions

For the 3 point problem the computer algebra method, namely the accelerated  Dixon resultant with the technique of Early
Discovery Factors as well as reduced Groebner basis provide a very simple, elegant symbolic solution. It is enormously better
than using the Dixon Resultant Application developed for Mathematica, which could only succeed by a long and tedious step-
by step reduction and even then, the answer given is difficult to work with it.
Although, numerical methods without initial guess values, like linear homotopy and numerical Groebner basis with eigensys-
tem method are also very efficient. The main advantages of the symbolic solution originated from its iteration-free feature,
are the very short computation time and the independence on value of  the actual numerical data.
The solution of the 9 parameter affine coordinate transformation problem for 3 points can provide a good inital value for the
N point coordinate transformation. Solving this problem, it is not only the choice of the employed method, but the computa-
tion of a good initial guess value on the bases of  the  geometry of the properly selected three points are also important
(collinear triplets should be avoided).
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